We theoretically demonstrate that an external magnetic field can be used to control quantum reflection of matter waves in graphene due to its extraordinary magneto-optical properties. We calculate the quantum reflection probabilities in graphene for three experimentally relevant atomic species (He, Na, and Rb) using the full Casimir-Polder potential computed by Lifshitz formula valid at all distance regimes, going beyond the traditional approach to quantum reflection, based on power law potentials, which are known to be valid only in the short distance (non-retarded van der Waals) or in the large distance (retarded) regimes. We predict the energy range for which quantum reflection is more likely to occur as a function of the magnetic field, and show that the quantum reflection probabilities exhibit discontinuities that reflect the structure of Landau levels in graphene. Altogether our findings suggest an alternative way to control quantum reflection at the nanoscale, and pave the way for the design of alternative, magnetically tuned reflective diffraction elements for matter waves.
I. INTRODUCTION
One of the most curious and unexpected effects related to the wave nature of quantum particles is the so called Quantum Reflection (QR). It consists in the reflection of a quantum particle that moves under the action of a potential that decreases monotonically in the direction of the particle motion, even without the existence of any turning point. Classically, the particle would suffer a force pushing it in the forward direction. Rather than, increasing its velocity, the particle is reflected by such a decreasing potential. The probability of occurrence of QR increases as the wave nature of the particles becomes more pronounced 1 , facilitating QR of particles with low masses at low energies. As a result there is a non-zero probability of an atom at low energies, attracted by a wall due to dispersive forces, to be reflected before reaching the wall. It is worth mentioning that this intriguing phenomenon is not restricted to quantum mechanics. Indeed, it is a general feature of wave propagation in inhomogeneous media and it may occur for mechanical waves or electromagnetic waves in dielectrics and transmission lines 2 .
The first experiments on QR were performed with helium and hydrogen atoms reflected by liquid helium surfaces [3] [4] [5] [6] . Due to the low mass of atomic specimens in these experiments, QR regime was reached with relatively high energies (1 − 10neV ). For the heaviest particles, in order to reach the QR regime, lower energies are employed. In references [7] [8] [9] deep QR regimes have been reached for sodium and rubidium atoms prepared in Bose-Einstein states with normal incidence and energies of the order of 10 −4 neV . Lower energy regimes can be reached with oblique incidence of the incoming particles 10, 11 . Since the pioneering paper by Shimizu 12 , in which an ingenious setup based on QR was developed to investigate the power laws of the non-retarded and retarded dispersive interactions between an atom and a wall, many different approaches have been put forward to probe dispersive forces via QR 11, [13] [14] [15] [16] . In this context, developing alternative mechanisms to control and/or tuning the probability of a beam of atoms to be reflected by a wall may open new possi-bilities for designing new atomic mirrors 17, 18 or even atomic traps [19] [20] [21] . Quantum reflection plays an important role in many other areas of physics, which include atom optics [22] [23] [24] [25] [26] [27] and, more recently, in high precision measurements of the shortrange regime of gravitational forces 28, 29 .
Quantum reflection strongly depends on the Casimir-Polder interaction between the incident particles and the reflecting wall. This interaction may change substantially if one changes the material properties of the wall and the type of incident particles. In this context 2D materials, such as graphene, emerged as good candidates control QR due to their remarkable electromagnetic and mechanical properties. Indeed, it has been shown that interactions mediated by vacuum fluctuations in graphene are highly tunable by varying the chemicalpotential [30] [31] [32] , external magnetic field 33, 34 , strain 35 , and by stacking of many graphene sheets 36, 37 . Regarding QR by graphene sheets, some theoretical works do exist 38 , but only very few of them explore the important application of tuning this effect using external parameters, such as strain 35 . Taking advantage of the remarkable magneto-optical control of the Casimir-Polder interaction between atoms and graphene sheets 33 , we put forward an alternative, realistic method for tuning QR of cold atoms by a graphene sheet by applying a perpendicular magnetic field. We demonstrate that the quantum reflection probability for a given energy as a function of the external magnetic field shows discontinuities, a direct consequence of the structure of the Landau levels of the electronic spectrum of the graphene sheet. This paper is organized as follows: In the next section we present the methodology to be used in the computation of QR probabilities. However, instead of using power law expressions for the dispersive forces which are valid only in the two opposite regimes of short distance (van der Waals regime) and large distance regime (retarded regime) we use the complete Casimir-Polder potential computed by means of Lifshitz formula 39, 40 , valid for all distance regimes. In Section III we present our results and show that graphene is, indeed, a very good platform to be used as reflecting material and permits high tunability of QR. We discuss QR for three atoms with different masses (He, Na, Rb) and show that depending on the mass of the atom its QR probability will be significant for different atom-graphene distance regimes. Section IV is left for conclusions and final remarks.
II. METHODOLOGY
We consider a system constituted of a beam of atoms moving towards a graphene sheet with normal incidence, with an applied magnetic field, perpendicular to the sheet as shown in Figure 1 . The common procedure to calculate the QR probability R with normal incidence of the atoms towards the wall under consideration is to solve a one-dimensional Schrödinger equation with the corresponding potential U (z) (z being the distance from the atom to the wall) and appropriate boundary conditions. It is usual in the literature 13, 18, 41, 42 to consider the van der Waals potential U vdw (z) = −C 3 /z 3 , valid for short distances, or the (asymptotic) retarded potential U ret (z) = −C 4 /z 4 , valid for large distances, C 3 and C 4 being positive constants, or even a simple phenomenological interpolating potential of the form
where is a parameter with dimensions of length which depends on the incident atom 38, 43 . A detailed discussion on the comparison of this kind of phenomenological potential and the exact one given by Lifshitz formula can be found in Ref. 44 . In the present work we do not restrict ourselves to the approximate expressions for the interacting potential between the atom and the wall. Rather, we compute the QR probability by using the full Casimir-Polder potential valid for all distance regimes, which constitutes an important methodological progress with respect to the vast majority of existing theoretical works on QR. In the present case,this potential is the Casimir-Polder potential between a neutral but polarizable atom and a graphene sheet with a magnetic field acting perpendicularly on the sheet at low temperatures, which is given by 33
is the electric polarizability of the atom, and r s,s (k, iξ, B), r p,p (k, iξ, B) are the diagonal reflection coefficients associated to graphene (s and p mean, as usual, the transverse electric and transverse magnetic polarizations, respectively). The reflection coefficients of graphene in presence of magnetic field and a discussion of the profile of function U (z) can be found in the Appendix.
For an atom of mass m and energy E under the action of a potential U (z), the Schrödinger equation reads
where
Since the WKB solutions are good approximations when the atom is far from the graphene sheet, it is convenient to try a solution of the form 45 ,
with φ(z) given by
Note that there is no approximation in writing previous equations, since c + (z) and c − (z) still need to be determined. However, the previous ansatz is a very convenient one, since it transforms the second order Schrödinger equation into a set of two coupled first order differential equations for c + (z) and c − (z). In fact, substituting Eq(s) (4) and (5) into Eq.
(2) it is straightforward to show that
For the boundary conditions, it is reasonable to impose that c + (0) = 0 and c − (0) = 1, which means that any atom that reaches the graphene sheet will not be reflected, but rather adsorbed to it. By definition, the quantum reflection probability is 46 ,
The previous set of coupled first order differential equations for c + (z) and c − (z) will be solved numerically. Information about the efficiency of a certain potential U (z) to give rise to QR can be extracted from the function 46, 47 ,
with p(z) and φ(z) given by (3) and (5) . It can be shown that the highest probabilities of occurrence of QR correspond to the regions of highest values of Q(z) [46] [47] [48] . Moreover, for a given energy, this function exhibits a peak. Let us denote by z m the position of this peak, that is, the distance between the atom and the graphene sheet where Q(z) is maximum. In order to solve numerically the set of coupled differential equations (6) and (7), we choose a point close to graphene sheet (z i ) and a point far from graphene (z f ) such that z i z m z f . The differential equations are solved in the region between z i and z f which contains the peak of Q(z). The limit in Eq. (8) is numerically calculated by taking values of coefficients c + (z) and c − (z) at point z f . Parameters z f and z i are convergence parameters. We have numerically established that a good convergence of the results occurs whenever changes in z i and z f do not affect any more the value of the QR probability R. A detailed discussion of this method can be found in reference 48 .
As already mentioned, in most calculations of QR, an interpolation between the non-retarded van der Waals potential (≈ −C 3 /z 3 ) and the retarded potential (≈ −C 4 /z 4 ) regimes is used, allowing for a semi-analytical solution of the coupled differential equations for the WKB coefficients c + (z) and c − (z). In the present work we solve the coupled equations (6) and (7) by using the complete Casimir-Polder potential whose dependence with distance is quite involved, so that a full numerical procedure is demanded. The consideration of the whole potential is crucial for obtaining reliable results on the control of QR on graphene with the aid of an external magnetic field, and constitutes an important methodological advance with respect to the traditional theoretical approach to QR. In the next section we present the main results of this work obtained by numerical calculations. As we shall see, the complex behavior of the complete Casimir-Polder potential with the external magnetic field has non trivial consequences on the QR of different atomic specimens.
III. RESULTS AND DISCUSSIONS
In order to investigate the consequences of the application of a magnetic field perpendicular to graphene sheet in the probability of an atom to be reflected by this sheet, we consider three atomic species of experimental relevance: He, Na and Rb. These atomic species have already been used in QR experiments [3] [4] [5] [6] [7] [8] [9] . The atomic polarizabilities of these atoms will be used in the Casimir-Polder potential [Eq. (1)] and are described by the single Lorentz-oscillator model, whose fitted parameters are well known from the literature 36 . We numerically evaluate the Casimir-Polder potential for a set of distances from z i and z f at given values of the magnetic field [see Appendix]. Then, we use a standard procedure to construct a function that interpolates all the points numerically obtained. This interpolating function will be used to solve numerically the system of coupled differential equations (6) and (7) to finally obtain the quantum reflection probability R, given by Eq. [Eq. (8) ]. Figure 2 . Quantum reflection probability as a function of the energy of the incident particle for (a) He, (b) Na and (c) Rb for different intensities of the external magnetic field. We used for the chemical potential of the graphene sheet the value µc = 0.115eV.
In Fig. 2 we plot the QR probabilities of He, Na and Rb as functions of their incident energies for four values of the magnetic field (B = 0, 2, 7, 14T). The chemical potential of graphene sheet is set to µ c = 0.115eV. Note that, in all cases, R → 1 as E → 0, a direct consequence of the fact that the de Broglie wavelength increases as E decreases and hence the wave nature of the atom. By the same token, R → 0 as E → ∞, as expected, since the de Broglie wavelength decreases as E increases. The limit where λ → 0 is analogous to the geometrical optics limit in wave optics and hence the particle behavior of the atom must show up. In between these two regimes, there is an intermediate one in which QR is substantially influenced by the external magnetic field. This is one of the main results of our paper, showing that a magnetic field applied to a graphene sheet may be used as an efficiently way of controlling and tuning QR by an external agent. Moreover, this influence depends on the atom under consideration. For He atom [ Fig. 2, panel (a) ] the QR probability for a given energy decreases when the magnetic field is applied (B = 2, 7, 14T curves). On other hand, for Rb atom [Fig. 2 Fig. 5 on appendix] . For the three atomic species considered here, the corresponding Casimir-Polder potentials have different behaviors with respect to the magnetic field for different distances. In the large distance regime (z 1µm), the Casimir-Polder potential decreases with increasing the magnetic field. In this regime, this potential is highly tunable with B. In the short distance regime, a 0 z 1µm, with a 0 being the Bohr radius, the Casimir-Polder potential is slightly enhanced by the application of the magnetic field. Although the Casimir-Polder potential does not change substantially for short distances, the magnetic field has a significant impact on the QR probability in this regime. These opposite behaviors of the Casimir-Polder potential with respect to the intensity of the magnetic field for different distance regimes occur for the three atomic species considered here [ Fig. 4 , panel (a) He, (b) Na, (c) Rb]. Now let us analyse the function Q(z) for the three atoms [ Fig. 5 of appendix] for energy values for which the QR probability R strongly depends on the magnetic field, namely, the energy range between the deep QR regime in which R → 1 and the classical regime where R → 0 (see the panels in Figure 2 ). Firstly, note that the distance intervals in which QR are most probable (intervals of highest values of Q(z)) are different for each atom. For He, QR is most influenced by the magnetic field for energies between 1 neV and 100 neV [see Fig. 2, panel (a) ]. For energies within this interval, Q(z) has its highest values for distances between 10 −9 and 10 −8 m [see Fig. 5 , panel (a)], consequently, QR for He is more probable in the short distance regime of Casimir-Polder potential, where U (z) is enhanced by the magnetic field. For Na, QR is most influenced by the magnetic field for energies between 10 −4 and 10 −2 neV [Fig. 2, panel (b) ]. For these energies, Q(z) has a peak between 10 −7 and 10 −6 m [ Fig. 5, panel (b) ], in the intermediate regime of U (z) function. Finally, for Rb, QR is most influenced by the magnetic field for energies between 10 −4 neV and 10 −6 neV [ Fig. 2, panel (c) ]. For energies within this interval, Q(z) has a peak between 10 −6 m and 10 −5 m [ Fig. 5,  panel (c) ], and hence the QR for rubidium is more probable in the long distance regime of the Casimir-Polder potential, where the function U (z) decreases with the magnetic field.
In Fig. 3 we show the behavior of the QR probability R as a function of the magnetic field for the three atoms under consideration and three different values of chemical potential of the graphene sheet. For each atom we conveniently fix the energy in the interval where its corresponding QR is most influenced by the magnetic field. For each fixed value of the chemical potential, note that the QR probability R for all three atoms exhibits discontinuities at specific values of the external magnetic fields. This remarkable result is a direct consequence of the quantization of the orbital motions of the electrons in graphene in the presence of the external magnetic field that gives rise to a Landau level structure in the electronic spectrum 33 . For He [Fig. 3, panel (a) ], note that R has a decreasing profile that shows discontinuities. This decreasing behavior is compatible with the curves plotted in panel (a) of Figure 2 (to extract the dependence with the magnetic field from the plots in Figure 2 we must trace vertical lines in those plots). More specifically, the discontinuities in the QR probability as a function of the magnetic field are a consequence of the discontinuities that occur in the Casimir-Polder energy when a Landau level (which varies with B) crosses the chemical potential of graphene. For Rb [ Fig. 3, panel (c) ], the QR probability as a function of B has an increasing profile (consistent with the discussion of the previous paragraph) and, in between the discontinuities, the function is nearly flat. This plateau-like profile is a consequence of the dominance of long-distance regime of Casimir-Polder potential on QR in the case of Rb. In this distance regime, the main contribution to the potential energy, given by Eq. (1), comes from low frequencies that present a plateau profile 33 . For Na [ Fig. 3, panel  (b) ], QR probability is an increasing function of B (for fields larger than 2T), but between the discontinuities, the nearly flat behavior is not present any more. Again, this can be understood from the fact that QR for Na is most likely to occur at the intermediate distance regime of the Casimir-Polder potential. As shown in Fig. 3 , the effect of changing the chemical potential is just to shift the values of the magnetic field where discontinuities take place.
All results presented in this paper have been derived by the Casimir-Polder interaction computed from Lifshitz formula at zero temperature [Eq.
(1)]. The detailed study of the effect of finite temperature in quantum reflection is beyond the scope of the present work, but we shall briefly comment on the thermal effects on our results. It is well known that thermal effects in dispersive forces, which have been investigated in e.g.
Ref. 50 , change the long-distance regime of the Casimir-Polder interaction. This distance regime is characterized by the thermal wavelength, which is proportional to (k B T ) −1 and thermal corrections may influence the quantum reflection quantitatively 44 . These corrections should be more pronounced for heavy atoms, for which quantum reflection is dominated by long-distance regimes of the Casimir-Polder potential (see Appendix). Moreover, finite temperature effects cause a broadening in the Fermi-Dirac distribution which, in turn, makes the discontinuities in the Casimir-Polder potential as a function of the magnetic field smear out. However, thermal effects do not prevent QR to be tuned by an magnetic field, since the Casimir-Polder potential at finite temperature is still substantially changed by a magnetic field 33 . Therefore, we expect that even at high temperatures, quantum reflection by a graphene sheet may still be tuned by a magnetic field, although the discontinuities present in the Figure 3 will disappear. The discontinuities in the Figure 3 must be observable for small temperatures (thermal energy k B T ) compared to the energy spacing between two successive Landau levels. These energy spacings become larger for high magnetic fields. This fact can be used in order to reach the regime where discontinuities in quantum reflection probability should be observable.
IV. CONCLUSIONS
In summary, we have demonstrated that an external magnetic field may be used to tune Quantum Reflexion (QR) in a graphene sheet. We have calculated the attractive Casimir-Polder potential using Lifshitz formula, valid at any distance between the atom and the graphene sheet. We have considered three atomic species of experimental relevance He, Na, Rb, for which we calculate the QR probability using a full numerical approach. We identify three distinct different behav-iors in the QR probability, depending on the magnitude of the applied magnetic field, which can be explained in terms of the different characteristic distance regimes of the Casimir-Polder potential. We also conclude that the effects of the magnetic field on QR are more pronounced for lighter atomic species at the short distance regime of the Casimir-Polder, while for heavier atoms the magnetic effects tend to be more intense in the long-distance regime. However, in all cases and for all the investigated atoms, QR in graphene can be efficiency tuned by applying an external magnetic field. We show that the QR probability shows discontinuities as a result of the quantization of the electronic spectrum of graphene. These discontinuities persist at low temperatures and for high values of the magnetic field. Altogether our findings not only allow for an alternative way to control quantum reflexion at the nanoscale, but also open the door for the design of novel reflective optical elements, such as Fresnel mirrors 49 , which can be used for tunable reflective focusing of matter waves.
where 1/τ is a phenomenological scattering rate, n F (E) = Θ(µ c − E) is the Fermi-Dirac distribution at zero temperature, D n = (M n+1 − M n ) 2 + 2 (ξ + τ −1 ) 2 , M n = √ nM 1 are the Landau energy levels, M 2 1 = 2 eBv 2 F is the Landau energy scale and v F 10 6 m/s is the Fermi velocity. Also, in what follows, we use τ = 1.84 × 10 −13 s. µ c is the chemical potential of the graphene sheet. With these coefficients, it is possible to compute the Casimir-Polder energy between an atom and graphene sheet using the formula of Eq. (1). We show in Fig. 4 the Casimir-Polder energy computed by using Eq. (1) for the three atomic species considered in this paper [(a) He, (b) Na, (c) Rb]. The polarizability of each atom was modeled with a single Lorentz-oscillator model 36 . For the long-distance (retarded) regime (z 10 −6 m), the function U (z) has the known asymptotic behaviour C 4 /z 4 for the three atoms. The C 4 -coefficient is a function of the intensity of the applied magnetic field (B) and of the chemical potential of the graphene sheet (µ c ). It is clear from Fig. 4 that the magnetic field decreases the intensity of the Casimir-Polder potential in the long-distance regime for the three atoms. On the other hand, for short distances (z 10 −6 m), the Casimir-Polder potential does not obey a universal asymptotic powerlaw dependence for interaction with graphene in the presence of a magnetic field. Moreover, we have numerically verified that the Casimir-Polder potential is slightly enhanced due the presence of the magnetic field in the short-distance regime.
In Fig. 5 , we plot the function Q(z) [Eq. (9)] with fixed incident energy for each atom and fixed chemical potential (µ c = 0.115 eV) of the graphene sheet. We used in figure 5 the same energies used in figure 3 for each incident atom. The peak of this function determines the region of space where QR is most likely to occur. The figure shows that QR of different species occurs at different distances from the graphene sheet. For the heaviest atoms (Rb) with small incident energy, QR is most probable to occur at longer distances from the graphene sheet. On the other hand, the opposite occurs for lighter particles (He) with high energies. As it is explained in the previous paragraph, the Casimir-Polder potential has qualitatively opposite behaviors with increasing the magnetic field at short and long distance regimes. Figures 4 and 5 explain the different behaviors of the QR probability with the intensity of the magnetic field shown in Figure 3 of the main text. 
